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Let G be a complex analytic group, and denote by W(G) the group of all 
complex analytic group automorphisms of G. As is well-known, %‘(G) may 
be identified with a closed complex Lie subgroup of the group W(L) of all 
Lie algebra automorphisms of the Lie algebra L of G. Here, we shall be 
concerned with the representability of W(G) on finite-dimensional spaces of 
holomorphic representative functions on G, where Y’(G) acts naturally by 
composition. The example of a complex toroid of dimension greater than 1 
shows that one should concentrate attention on the identity component 
W-(G), . 
Let A denote the Hopf algebra of all holomorphic representative functions 
on G. In the present context, it is appropriate to assume that A separates the 
points of G or, equivalently, that G has a faithful finite-dimensional holo- 
morphic representation. This assumption will be in force from now on, and it 
is usually signalized by saying that G is faithfully representable. In the 
evident way, A is a right W(G),-module. Let A, denote the unique largest 
sub-Hopf algebra of A that is stable under the action of W(G)r and locally 
finite as a %‘“(G),-module. 
The representation-theoretical significance of B, may be illuminated by 
considering the semidirect product G . -t’“(G), and observing that a Jinite- 
dimensional holomorphic G-module can be embedded as a G-submodule in a 
jinite-dimensional holomorphic G . W(G),-module if and only if the associated 
representative functions belong to A, . Consequently, G . TT(G), is faithfully 
representable ;f and only ;f A, separetes the points of G. 
Our main result is an intrinsic characterization of those groups G for which 
the above condition is satisfied. This depends heavily on the structure theory 
for faithfully representable analytic groups, and we begin with a recall of 
the relevant facts. 
Let G be a faithfully representable complex analytic group. The main 
structure theorem says that G is a semidirect product S . P, where P is a 
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reductive complex analytic group, and S is a solvable simply connected 
complex analytic group, normal in G [l, Chap. 18, Theorem 4.71. By [l, 
Chap. 18, Theorem 4.51, the commutator subgroup [G, G] of G is closed in G. 
It has the semidirect product decomposition [G, S] - [P, P], and the fact 
that it is closed in G implies that [G, S] is closed in S and [P, P] is closed in 
P. The factor group G/[G, Gj is th e d irect product of S/[G, S] and P/[P, P]. 
Since S is solvable and simply connected and [G, S] is connected, the factor 
group S/[G, S] is a vector group. Since P is reductive, we have that the 
identity component %?(P)I of its center is a complex toroid, [P, P] is semi- 
simple, P = %(P)l [P, P], and U(P), n [P, P] is finite (cf. [l, Chap. 171). 
It follows that P/[P, P] is isomorphic with the factor group of g(P), by a 
finite subgroup, so that P/[P, P] is a complex toroid. Thus, G/[G, G] is the 
direct product of a vector group and a toroid. In particular, G/[G, G’j is 
therefore faithfully representable. 
PROPOSITION 1. Let G be a faithfully representable complex analytic group. 
If G/[G, Gj is reductive then A is locally jinite as a W(G),-module. 
Proof. In the above notation, the assumption is clearly equivalent to 
S = [G, S]. In particular, this implies that S is not only solvable but even 
nilpotent. By [3, Theorem 8.31, this implies that G can be endowed with the 
structure of a complex affine algebraic group, the algebra of polynomial 
functions consisting of precisely those elements of A which are associated 
with representations of G whose restrictions to S are unipotent. Since 
S = [G, S], it is clear from Lie’s theorem that every finite-dimensional 
holomorphic representation of G induces a unipotent representation of S. 
Therefore, the algebra of polynomial functions of the affine algebraic group G 
actually coincides with A. It is clear from this that W(G) coincides with the 
group of all affine algebraic group automorphisms of G. This makes Proposi- 
tion 1 simply a special case of what is established via [4], in the first part of the 
proof of [5, Theorem 31 (this proof makes an unnecessary detour at the top 
of [5, p. 1501 which should be replaced with an argument contained in the 
proof of Proposition 2 below). 
Let M denote the maximum nilpotent normal analytic subgroup of G. 
We shall say that a representative function on G is M-unipotent if it is 
associated with a representation whose restriction to M is unipotent. Clearly, 
the M-unipotent elements of A constitute a W’(G)-stable sub-Hopf algebra of 
A, which we denote by A, . 
PROPOSITION 2. The Hopf algebra A, of the M-unipotent holomorphic 
representative functions on G is locally jinite as a W(G),-module, i.e., 
A,CA,. 
481337/z-8 
298 G. HOCHSCHILD 
Proof. Let R denote the radical of G. For any l-parameter subgroup T 
of W(G), consider the semidirect product R . T. This is a solvable complex 
analytic group, so that its commutator subgroup is nilpotent. It follows that 
[R * T, R . T] C 171. In particular, we have therefore a(~) x-1 E M for every 
element 01 of T and every element x of R. It follows almost immediately that 
this holds more generally for all elements o( of W(G), . We will make use of 
this after some preparation. 
Let G’ denote the group of inner automorphisms of G, and let E denote the 
stabilizer in -Nr(G), of the maximal reductive subgroup P of G. Since the 
maximal reductive subgroups of G are all conjugate by inner automorphisms 
(as is seen by combining [l, Chap. 15, Theorem 3.11 with [1, Chap. 17, 
Theorem 5.31) we have W(G), = G’E. It follows that W(Gh = G’E, . To 
see this, construct the semidirect product G’ . E, and consider the multi- 
plication map G’ . E + G’E = X-(G), . By Pontrjagin’s basic result on 
homomorphisms of topological groups (cf. [I, Chap. 1, Theorem 2.5]), 
which is applicable because E, as as a closed subgroup of a full linear group, 
is the union of a countable family of compact subsets, this homomorphism is 
an open map. Now G’ . El is open in G’ . E, whence its image is an open 
analytic subgroup of W(G), , so that it coincides with W(G), . 
The canonical image of El in Y’([P, P]) lies in %‘-([P, P]), , which consists 
of inner automorphisms, because [P, P] is semisimple. Therefore, we have 
Y&‘-(G), = G’F, where F is the element-wise fixed of [P, P] in W(G), . 
Evidently, -4, is locally finite as a G/-module. Since W(G), = G’F, we 
see that Proposition 2 will be established as soon as we have shown that A, is 
locally finite as an F-module. If 01 is an element of F then OL leaves the elements 
of the maximal semisimple analytic subgroup [P, P] of G fixed, while, by the 
beginning of this proof, CY(X) x-l lies in M for every element x of the radical 
of G. By [I, Chap. 18, Lemma 2.11, this is exactly what is needed for the 
conclusion that /l, be locally finite as an F-module. This completes the proof 
of Proposition 2. 
PROPOSITION 3. If the identity component g(G), of the center of G is a 
sector group then A,, separates the points of G. 
Proof. As a faithfully representable nilpotent complex analytic group, A.2 
has a unique maximum reductive analytic subgroup, which is necessarily a 
toroid. Therefore, this toroid must be stable under the conjugation action of 
G (even under the action of W(G)). S ince its automorphism group is discrete, 
this toroid must therfore be central in G. Thus, our assumption on e(G), 
implies that M has no nontrivial reductive subgroup, whence M must be 
simply connected. From the proof of the standard decomposition theorem 
[l, Chap. 18, Theorem 4.71, one sees that because ICI is simply connected, 
the decomposition G = S . P can be chosen so that MC S. 
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Now S/M is a vector group, whence it is clear that S can be reached from 
iW via a succession of semidirect product formations (the extension being by 
a one-dimensional vector group at each stage). Therefore, also G is reached 
from M via a succession of semidirect product formations. Therefore, [I, 
Chap. 18, Theorem 2.21 can be applied in succession to obtain the result 
that every finite-dimensional unipotent holomorphic M-module can be 
embedded as an M-submodule in a finite-dimensional holomorphic G-module 
that is still unipotent as an M-module. Clearly, this implies that A, separates 
the points of M. On the other hand, the factor group G/M is the direct 
product of the vector group S/M and the reductive group P, whence it has a 
faithful finite-dimensional holomorphic representation. The associated 
representative functions (viewed as functions on G) belong to the M-fixed 
part AM of A, and therefore to A,. It follows that A, separates the points of 
G, so that Proposition 3 is proven. 
LEMMA 4. Suppose that G is a semidirect product K . V where K is a 
complex analytic group normal in G, and V is a one-dimensional sector group. 
Let AK be the (right and left) K-fixed part of A, and suppose that B is a right 
V-stable AK-submodule of A, with AK C B. Then B = vB @ AK, where vB 
denotes the right V-$xed part of B. 
Proof. We identify V with the additive group of complex numbers. Then, 
if t is the projection G -+ V with kernel K, we may regard t as an element of 
AK. As functions on V, the elements of AK are all the holomorphic representa- 
tive functions. They can be written in one and only one way in the form 
trip, + .-* +p, 3 where each pj is a complex linear combination of functions 
exp(ct), where c is a complex number. Let 7 be the element of the Lie algebra 
of V that corresponds to differentiation with respect to t, and view T as an 
element of the Lie algebra of G. As such, 7 acts on A from the right as a 
derivation commuting with the action of G from the left. Indicating this 
action by f t+ f. 7, we have vA .7 = (0), t * 7 = 1, and exp(ct) .7 = 
c * exp(ct). Let E denote the algebra of linear endomorphisms of A that is 
generated by this derivation and the multiplications by the elements of AK. 
Clearly, B and AK are stable under E. 
Now it is a pleasant and easy exercise to show that, for every nonzero 
element u of AK, there is an element e in E such that e(u) = 1 (multiplications 
by t are not needed for this). 
The extreme case of Lemma 4 where B = A is the standard decomposition 
A=VA@AK, which holds for every semidirect product [2, Proposition 
2.41. Now suppose Lemma 4 is false. Among the elements of B not in 
vB @ AK, pick one, f say, for which we have f = xi=, vi @ ui , with vi in 
vA and ui in AK, and with q as small as possible. Then, the vi’s are linearly 
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independent mod “B, and the Ui’s are different from 0. Choose an element e 
of E such that e(u,) = 1. Then we have e(f) = xyi: wd @ e(ui) + wU .
First, suppose that each e(u,) is a constant. Then e(f) lies in “B, and so 
e(f) up lies in “B @ AK. Now f - e(f) U, = ~~~~ q @ (ui - e(uJ u*), and 
it is an element of B that is not in “B @ AK. This contradicts the minimality 
of q. 
Therefore, not all the e(ul)‘s are constants, so that e(f) . 7 = 
1::: wi @ e(q) . 7 # 0. By the minimality of q, we have e(f) . 7 E “B @ AK. 
Now rewrite e(f) ’ 7 = Cz=, Wj @ Uj’, where the wi’s are nonzero linear 
combinations of the q’s, and the zlj”s are linearly independent elements of 
AK. Then it follows that each wj must belong to vB, contradicting the fact 
that the V,‘S are linearly independent mod vB. This establishes Lemma 4. 
THEOREM 5. Let G be a faithfully representable complex analytic group. 
The sub-Hopf algebra A, of A separates the points of G ;f and only ;f one of the 
following two conditions is satisfied: (1) G/[G, Gj is reductive; (2) the identity 
component of the center of G is a vector group. If neither (1) nor (2) holds then 
the representation of W(G), on A, is not faithful. 
Proof. In view of Propositions 1, 2, and 3, all that remains to be proven 
is the last statement (note that if A, separates the points of G then the repre- 
sentation of W”(G)i on A, must be faithful). 
Let Q be the closed normal analytic subgroup of G such that [G, GJ CQ 
and Q/[G, G] is th e maximum reductive subgroup of G/[G, G]. Then G/Q is 
a vector group. Since (1) is not satisfied, this vector group is nontrivial. Hence, 
G is a semidirect product K . V as in Lemma 4, with Q C K. We identify V 
with the additive group of complex numbers. 
On the other hand, we have V(G), = W x T, where W is a vector group 
and T is a toroid (cf. [l, Chap. 17, Theorems 4.1 and 4.21). Since (2) is not 
satisfied, T is nontrivial. Let us pick a one-dimensional direct toroidal factor 
U of T, and let us identify U with the multiplicative group of nonzero com- 
plex numbers. 
We claim that T C K. To see this, first note that, because of the conjugacy 
of the maximal reductive subgroups of G, the central toroid T must be 
contained in every one of them. Next, let X be a maximal reductive subgroup 
of G. For x in X, write x = y(x) T(X), with y(x) in K and q(x) in V. Then 7 
is a complex analytic group homomorphism X + V. pl;ow X is the complexi- 
fication of a compact group, while V has no nontrivial compact subgroup. 
Therefore, 7 must be trivial, so that XC K, whence T C K. 
Kow let r denote the projection G -+ Y with kernel K. For every complex 
number c, let 01, be the map from G to G defined by a,(x) = x * exp(cr(x)), 
where exp(csr(x)) is understood as an element of LI. Clearly, each OL, is an 
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element of W(G) and, as c ranges over the complex numbers, the 01~‘s make 
up a one-parameter subgroup of W(G), . It is evident from the definition that 
this one-parameter subgroup leaves the elements of K fixed. Since T C K, 
each ac induces the identity automorphism on G/K, and therefore, it acts 
trivially on AK. 
Put B = A,AK. From our last remark, it is clear that B is locally finite as a 
module for the group of the (Y~‘s. If f is an element of vB, we have 
(fo 4 (4 = f(expW) f or every element x of V. If x denotes the identity 
map on the multiplicative group U of complex numbers, then the holomor- 
phic representative functions on U are the complex linear combinations of 
the integral powers of z. Thus, if f’ is the restriction off to U, we have 
f’ = xi c$, with complex coefficients cj . Hence, (f 0 aC) (x) = xi cj exp( jcx) 
for every element x of V. Since the functions f 0 CY, with c ranging over all 
complex numbers, all lie in a finite-dimensional subspace of B, it follows 
that we must have cj = 0, except for j = 0. Thus, f’ is a constant. 
Our conclusion is that the elements of vB are constant on Lr. But vB is 
stable under the action of G from the left, so that we conclude further that 
vB C A”. Evidently, this implies that f o (II, = f for every f in vB and every 
(Ye. Since the same holds for every f in zZK, and since by Lemma 4, 
B = vB @AK, we have f 0 01, = f for every element f of B. A fortiori, the 
automorphisms LYE lie in the kernel of the representation of W(G), on A, , so 
that our proof of Theorem 5 is complete. 
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